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Abstract. In this note we give an easy proof of the existence of generically smooth components of the 
Cl+ expected dimension of certain Brill-Noether loci of stable rank 2 vector bundles on a curve with general 

O ■ moduli, with related applications to Hilbert scheme of scrolls. 
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The Brill-Noether theory of linear series on a smooth, irreducible, complex, projective curve C of genus g 
was initiated in the second half of XIX century and fully developed about one century later by the brilliant 
work of several mathematicians (see [2] for a general reference). As a result, we have now a complete 
understanding of the Brill-Noether loci of line bundles L of degree d with h (C,L) > r on a curve C with 
general moduli. They can be described as determinantal loci inside Pic (C) and we know their Zariski tangent 
spaces, their dimension, their singularities, how they are contained in each other, etc. 

The study of n-dimensional scrolls over curves (with n > 2) also goes back to the second half of XIX 
century. It is equivalent to the study of rank n vector bundles over curves, and as such it has received a lot 
of attention in more recent times. In order to have reasonable moduli spaces for these bundles, one has to 
restrict the attention to semistable ones. For them it has been set up an analogue of Brill-Noether's theory. 
' Unfortunately the results here are not so complete as in the rank one case, and we are still far from having 

^sO , a full understanding of the situation. We refer the reader to [5] (and to the references therein) for a general 

account on the subject. 

In this paper we deal with the rank 2 case and C with general moduli and genus g. A result by M. 
Teixidor (see Theorem ll.6|) provides examples of components of the expected dimension (see (|1.2[) below) of 
Brill-Noether loci of stable, rank 2 vector bundles J of degree d with h°(C, 5") > £, in suitable ranges for d, g 
and £. Teixidor's ingenuous, but not easy, proof uses a degeneration of C to a rational g— cuspidal curve Co 
and analyses the limits of the required bundles on Co . 

This note is devoted to prove a similar result (i.e. Theorem I2.ip . The ranges for d, g and £ for which we 
prove the existence of our components of the Brill-Noether loci are slightly worse than Teixidor's ones. On 
the other hand we are able to prove a bit more than Teixidor does: not only the components in questions 
have the expected dimension, but they are also generically smooth. In addition, our approach is quite easy 
and does not require degenerating C. We construct our bundles as extensions of line bundles, and we prove 
that their Petri map (see fc|1.2p is in general injective, which is the same as proving that the corresponding 
Brill-Noether loci are generically smooth and of the expected dimension. 

The paper is organized as follows. In fJT]we recall the basics about moduli spaces of semistable rank-two 
vector bundles on a curve (see Brill-Noether loci (see £11. 2|) and Teixidor's theorem (see §1.3j) . The full 

Sj2] is devoted to the construction of our examples. In <J3] we make some applications to Hilbert schemes of 
scrolls in projective spaces. We show that our examples give rise to linearly normal, smooth scrolls belonging 
to irreducible components of the Hilbert scheme, which are generically smooth of the expected dimension 
(see S ^3.1[ I3.2[) . In ^3.31 we show that, by contrast, their projections in p d ~ 2 s+ 1 do not fill up irreducible 
components of the Hilbert scheme: they are in fact contained in the unique component 3td,g of the Hilbert 
scheme containing all linearly normal scrolls of degree d and genus g in P n (cf. [3J Theorem 1.2] and [H 
Theorem 1]). 

Aknowledgements: It is a pleasure to dedicate this paper to our friend and colleague Gerard van der 
Geer on the occasion of his 60th birthday. 
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1. Preliminaries 

1.1. Moduli spaces of semistable rank— two vector bundles. For any integer d, we denote by Uc(d) 
the moduli space of rank 2, semistable vector bundles of degree d on C. Recall that a rank 2 vector bundle 
3 of degree d is semistable [resp. stable] if for all quotient line bundles J — » L of degree d\ one has d < 2d\ 
[resp. d < 2di\. Uc{d) is a projective variety and we let U^d) be its open subset whose points correspond to 
stable vector bundles. If 2f is a semistable rank-two vector bundle on C, we denote by [3] its class in Uc(d). 

The cases < g < 1 are quite classical and well known (see, e.g., [THl Chapt. V, §2], [5J|TT]). In general 
we have (cf. [TQ Sect. 5]): 

Proposition 1.1. If g>2, then: 

(i) Uc(d) is irreducible, normal, of dimension 4g — 3 and U^id) is the set of smooth points of Uc(d); 

(ii) if d is odd, then Uc(d) = U^(d) whereas if d is even, the inclusion U^(d) C Uc{d) is strict. 

1.2. Speciality and Brill Noether loci. If [jF] £ Uc(d), we denote by or simply by i if there is no 
danger of confusion, the integer /i 1 (C, 3), which is called the speciality of SF. Similarly we set £(3) — h°(C, 5"), 
and r(5") = £(3 r ) — 1, and we may often write £, r rather than r(3 r ). By Riemann-Roch theorem, we have 

£(J) = d-2g + 2 + i{3). 

Fix positive integers d and i. Set £ = d — 2g + 2 + i. One can consider the subset B^(d) of all classes 
[5] € Uc{d) such that «(30 > i and accordingly £(3) > £. This is called the £ th -Brill-Noether locus and it 
has a natural determinantal scheme structure (see, e.g. [9]). A lower bound for the dimension of B l c {d) as a 
determinantal locus is its expected dimension, given by the Brill-Noether number 

p d :=4g-3-i£. (1.2) 

The infinitesimal deformations of J along which all sections in H°(C, 3") deform, fill up the vector subspace 
of i? 1 (C, Jxf )~ H°(C, wc® Jx 3*)* which is the annihilator of the image of the cup-product map 

called the Petri map of 5F (see, e.g. [H]). In other words Ann(Im(Pgr)) is the Zariski tangent space of B^,(d) 
at [3"], where deg(3 r ) = d and £ = /i°(C, In this case, by Riemann-Roch theorem, one has 

P l d = h l {C,3®T) - ^(0,3)^(0, J). 

Hence: 

Lemma 1.3. In the above setting, B^,(d) is non-singular, of dimension p d at [5F] if and only if is injective. 

We finish this section by recalling two results. For the first, see [2J Proposition 3]: 

Proposition 1.4. Let C be a smooth, irreducible, projective curve of genus g > 2. If d > 2g then 1(3) = 
for [5F] e Uc{d) general. 

Indeed, we will be interested in the case d > 2g in the rest of this paper. As for the next result, which will 
somehow justify our construction in $2j see Corollary 7.3]: 

Proposition 1.5. Let C be a smooth, irreducible, projective curve of genus g > 1 and let 7 be a special rank 
2 vector bundle on C . Then there is a quotient ? — » L with L a special line bundle. 

1.3. A result by M. Texidor. If d > 2g, any rank-two vector bundle If on C has £(3 r ) > 2 by Riemann- 
Roch theorem. Hence B^(d) — Uc{d) in this case (cf. [IJ, Note, p. 123]). Then, if d > 2g, it is no restriction 
to consider Brill-Noether loci B^(d), with £ > 2. We record here the main result of [14] : 

Theorem 1.6. If £ > 2, i > 2, C has general moduli, and either p d > 1 and d is odd, or p d > 5 and d is 
even, then B^,{d) is not empty and of the expected dimension. 

Remark 1.7. It is useful to express the numerical conditions in Theorem ll.6l in terms of the speciality. Since 
£ = d — 2g + 2 + i > 2, then d > 2g — i. In addition, when d is odd, one has pi > 1, which reads 

d < l -^A(2g - 2) - i; (1.8) 

i 

when d is even one has p d > 5, i.e. 

7+2 4 

d< —— (2g-2) -i- -. (1.9) 
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2. Examples of Brill-Noether loci 

In this section we give examples of generically smooth components of the expected dimension of Brill- 
Noether loci of speciality i > 1 in Uc(d), with C a curve of genus g with general moduli. 

Theorem 2.1. Let g,i be a integers such that 



Let then d and d\ be integers such that 



and 



K^/g + 4-2. (2.2) 



4<rf x < (g-t)ttli (2.3) 



di + g + 3 < d < 2di (2.4) 

Set I = d- 2g + 2 + i. 

If C is a curve of genus g with general moduli, there is an irreducible component of B^,(d) which is 
generically smooth, of the expected dimension, containing points corresponding to stable, very-ample vector 
bundles $ , with i{J) = i, whose minimal degree line bundle quotients have degree d\ and speciality i. 

The proof of Theorem 12.11 will follow from a series of remarks and lemmas presented below. 

Remark 2.5. (i) Note that (|2.2p implies g > 6 if i = 1 and g > 13 if i > 2. Moreover i < f since 
V.9 + 4 - 2 < f for any g. 

(ii) The interval for the integer d\ in (|2.3p is in general not empty, since 

(g + S)i < (g-i){i + l) for any I > 1. (2.6) 
If i = 1, this follows from g > 6. If i > 2, then (I2.6[) is equivalent to i 2 + 4d — g < 0, which follows from (|2.2j) . 

(iii) The inequalities in (|2.4|) are necessary for the stability of £F and for the very-ampleness of the line bundle 
N appearing in fl^B) below (cf. Lemmas O (i) . I2T21 and f2T9 ]> . 

(iv) The bound 

d<2(g-i) { l±V 
i 

following from ()2.3j) and ()2.4j) . is in general slightly worse than (|1.8j) and (|1.9j) . but the difference, for i close 
to the upper bound in (|2.2[) , is of the order of yfg. 

(v) The upper-bound in (12.31) implies the following inequality for the Brill-Noether number 

p(g,d 1 ,d 1 -g + i)>0. (2.7) 

Now we are going to produce the components of B^(d) announced in the statement of Theorem 12. II From 
(|2.7[) we have dim(W / ^ i 1 ~ 9+l (C)) = p(g, d\, d\ — g + i) > 0, because C has general moduli. Consider extensions 

O^N^J^L^O, (2.8) 

with N g Pic d ^ dl (C) general and L € VF d d i 1_9+l (C) general (or any X if p(g,d 1 ,d 1 - g + i) = 0), so that 
^(C.i) = i. By (EU), one has d - d x > .9 + 3; since TV G Pic''"' 11 (C) is general, one has h l {C,N) = 0. 
Therefore J is a rank-two vector bundle of degree d and speciality i = i(3^), i.e. [3] £ B^j(d), with I = 
d — 2g + 2 + i, and we can look at it as an element of Ext x (L, N). 

Lemma 2.9. In the above setting, any 5" G Ext (L, N) is very ample on C. 

Proof. A sufficient condition for 5" to be very-ample is that both i and N are. By [31 (1.8) Theorem, p. 216], 
a sufficient condition for both L and N to be very ample on C with general moduli is 

h°(C, N) = d - d x - g + 1 > 4, h°(C, L) = di - g + 1 + i > 4. 

The first inequality holds by (|2Ti| . the second by ([23]) . □ 

Remark 2.10. Note that (|2.7[) and the proof of Lemma [231 yield g — Ai — p(g, d\,3) > p(f/, di, di — + i) > 0, 
so i < I is a necessary condition for the ampleness of L (see Remark [231 (i)). 
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A general bundle J £ Ext 1 (L, A) as above gives rise to the projective bundle P(£F) — > C, which is embedded, 
via |0p(gr)(l)|, as a smooth scroll S of degree d and sectional genus g in P r , with r = r(3 r ) = d — 2g + 1 + i. 

s f 

The quotient J — » L corresponds to a section C — > P(3 r ) of P(9 r ) — > C, whose image is a unisecant, irreducible 
curve T ^ C* (cf. Q33 § V, Prop. 2.6 and 2.9]). Since h l (C,N) = 0, then r C S C P r is linearly normally 
embedded in a linear subspace of dimension di — g + i, as a curve of degree di and speciality i. 

Given X € W£ 1_ff+i (C), A G Pic rf ~ dl (C) and J in P(Ext 1 (L, A)), the embedding P(J) -> P r varies by 
projective automorphisms of P r . Thus the surface S varies, describing an irreducible locally closed subset 
Kc(d,i) of the Hilbert scheme. 

Remark 2.11. It is useful to describe !Kc(d, i) in a different way. 

Let L € W^~ 9+l (C) be general as above. Let M € Pic l5 (C) be any line bundle of degree S >> 0. Consider 
the projective bundle ¥(L © M), which embeds as a smooth scroll E = £_l,m of degree di + £ and sectional 
genus g in P r ', r' = r(L © M) = di + 5 - 2g + 1 + i = r + 5, via |0 P(LeM) (l)|. By 5, Thm. 3.11], S contains 
a unique special section E of degree d± and speciality i, corresponding to the quotient L © M — » L. One has 
£ 2 = di - S « (cf. [10, §5]). 

One can choose M in such a way that there are 6 + d\ — d linearly independent points on E such that, 
projecting S from their span, the image of this projection is the surface S C P r as above. In this projection 
E is isomorphically mapped to T. 

Thus, J£c(d, i) can be thought of as the family of all projections of scrolls of the form J^l,m, with L, M as 
above, from the span of S + d\ — d general points on 

Lemma 2.12. In the above setting, V is the unique section of minimal degree of the scroll S. Hence the 
bundle 2r is stable. 

Proof. Assume, by contradiction, there is a section r' C S of degree d\ — with v > 0. 

Let E = £l,m be a scroll as in Remark 1 2 . 1 1 1 and let (p : E --■» S be the projection of E to S from suitable 
S + di — d general points on it. Let X be the set of these points. Then T' is the image via cp of a section 
A 7^ E of degree d\ — v + h passing through a subset Y C A of ft points, for some ft, > 0. If we denote by F 
the ruling of E, then A = E + (h- u)F. Then: 

(i) A • E > implies £ 2 + h - i> > 0, therefore A 2 = E 2 + 2 (ft - i/) > -X 2 >> 0; 

(ii) hence ft 1 (A,?vf^| E ) = so ft°(A,3\T^j S ) = d\ — S + 2(ft — v) — g + 1. Since Y consists of ft general 
points, we must have d\ — 6 + 2(ft — t/) — g + 1 > ft, i.e. h — 2v > 8 — d\ + g — 1. 

Putting the above inequalities together, we have 

<5 + di-d>ft>ft-2^>5-di+g-l hence d < 2di - g + 1 

which, by the first inequality in (12.4[) . implies d\ > 2<7 + 2, contrary to the fact that L is special. This proves 
the first assertion. Then the stability of £F follows from d < 2di in (|2.4p . □ 

Remark 2.13. Let us compute y := dim(?Ca(d, i)) — dim(PGL(r + 1,C)). A scroll S corresponding to a 
point of Jic(d,i) is of the type P(3 r ), with 7 an extension as in (|2.8j) . By Lemma f2.12[ this extension is 
essentially unique, i.e. two of them correspond to the same point of P(Ext 1 (L, N)) (cf. [3 p. 31]). Therefore 
y is the sum of the following quantities: 

• p{g, d\,di — g + i.e. the number of parameters for the line bundle L\ 

• g, i.e. the number of parameters for the line bundle A; 

• dim(P(Ext 1 (L, A))) = 2d x - d + g - 2: indeed, deg(A - L) = d - 2d 1 < 0, thus ft 1 (C, N ® £*) = 
2d x - d + g - 1. 

Consider the modular map /i : !Kc(d, i) — » B l d (C) sending the point corresponding to S 1 = P(9 r ) to [£F], This 
is well defined since S = P(?) = P(3 r/ ) implies 1 = 3". The fibres of n are orbits by the PGL(r + 1, C)-action 
on !Kc(d, i)- Therefore y is the dimension of the image of //, hence dim(B^(C)) > y. 

The next lemma shows that the image of /i lies in a component of B\(C) which is generically smooth and 
of the expected dimension, thus concluding the proof of Theorem 12. II 

Lemma 2.14. Let 3 be a bundle appearing in (EH) with L e W^~ 9+l {C) and N G Pic d ~ dl (C*) general. 
Then the Petri map Py is injective. 
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Proof. For all 7 G Ext (L,iV), one has /i 1 (C, 5") = i, hence the domain of has constant dimension 
i(d — 2g + 2 + i). Therefore, by semicontinuity, it suffices to prove the assertion for a particular such IF, even 
if the dimension of the target of P-j jumps up. We will specialize to £Fo = L © N. We have 

H°(C,%)=H°(C,L)®H°(C,N) and H°(C,w c ® ?$) = H°{C,w c ® L*). 
So the domain of Pg- is 

ff°(C, J )®i?°(C,w C (»?S) = (H (C,L)®H (C,ljc®L*)) © (iJ°(C,^)®i? (C,w c <»i*)) , 
whereas the target is 

P°(C*, cj c ® J ® 9=2) = F°(C, w c ) 9 H°(C, cj c <» L ® JV*) © #°(C, w c ® JV ® L*) © ff°(C, w c ). 
The map Pg^ can be written on decomposable tensors as 

Pgr 

(a (8 b, a ® /3) — ^ (a&, 0, a/?, 0), 
for a® 6 G H°{C,L) ® H°(C,u} C ® L*) and for a®/5£ H°(C, N) ® H°(C, ojc ® £*)• In other words, 

pF = VL.N 

where ^ L : ff°(C, L)®H°{C,uj c ®L*) -> H°(C,oj c ) is the Petri map for L and : ff°(C, N)®H°(C, uj c ® 
L*) -» H°(C, u> c (3 N (3 L*) is the multiplication map. 

Since C has general moduli, the map /ip is injective. We need to prove that ^l,./v is also injective. To do 
this, it suffices to show that hl,n is injective for some particular line bundle No of degree d — d\, even if Nq 
becomes special and therefore h°(C, Nq) > h°(C, N) = d—dx — g+1. Indeed, when a general N flatly tends to 
No, the vector spaces H a (C, N) and H°(C, uj c ® N ® L*) will respectively tend to subspaces V C H°(C, iV ) 
and C H°(C, u>c <E> Nq<Ei L*) of the same dimensions, and the limit of hl,n will be the multiplication map 
fiL,v ■ V ® H°(C,u!c £3> L*) — > W. Hence /AL,y (hence, by semicontinuity, hl,n) is injective if Hl,n is. 

Let A G Div 2dl_d (C) be an effective divisor. Let AT = L(-A) G Pic d ~ dl (C) and set /i = Ml,JV - If we 
tensor the exact sequence 

-> L(-A) = iV -> L -> L| A -> 
by H°(C,ujc <£> L*), we get the commutative diagram with exact rows 

0^ H q (C,N )®H (C,ujc®L*) — > H (C,L)(g>H°(C,ujc®L*) 

0^ fl°(<7,w c (-A)) — > H°(C,lj c ) 

Since //£ is injective, /io is also injective, which ends our proof. □ 

Remark 2.15. Except in the case i = 1 and rfi = 2g — 2, the general point of a component of B l d (C) we 
constructed does not lie in the image of //. Indeed, by recalling (|1.2[) . one has 

y - = d(i - l) - di(» - 2) - (.9 - l)(i + 1). 

(i) When i = 1, one has y — p^ _2s+3 = di — 2(g — 1), which is zero if and only if d\ = 2g — 2. If i = 1 consider 
a general vector bundle IF in our component. By Proposition II .5) there is an exact sequence of the form (|2.8|l 
with h}{C, L) > 0, hence h}(C : L) = 1. Then the above argument shows that L = cjc-. 

(iii) When i > 2, by d < 2d\ and ((231) one has 

y- Pd < i{dx - g + 1) + 1 - g < 1 - i 2 < 0. 

The problem of describing the general element of a component of B l d {C) we constructed when i > 1 (the 
case i = 1 is treated in (i)) looks interesting and we plan to come back to it in a future research. 

Corollary 2.16. Let C a general curve of genus g > 6. For any 3g + 1 < d < Ag — 5, t/iere is a component 
of B d f 2cj+z {C), which is generically smooth and of the expected dimension, whose general point corresponds 
to a very ample, stable vector bundle of speciality 1, fitting in an exact sequence 

where ujc is the minimal degree quotient line bundle of 3" and N G Pic d ~ 29+2 (C) is general. 
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3. Applications to Hilbert schemes of scrolls 
In this section we use Theorem 12.11 to study some components of Hilbert schemes of special scrolls. 
3.1. Normal bundle cohomology. Here we prove the following: 

Proposition 3.1. Assumptions as in Theorem \2.1\ Let r — d — 2g + I + i and ScP r be a smooth, linearly 
normal, special scroll of degree d, genus g, speciality i, with general moduli, which corresponds to a general 
point of l Kc{d,i) as in Remark \2.11\ IfJig\y r is the normal bundle of S in¥ r , then: 

(i) h°(S, X s \rr) = 7( 5 - 1) + (r + l)(r + 1 - i); 

(ii) h 1 (S,X s \pr)=0; 
(hi) / l 2 (5,X sr )=0. 

Proof of Provosition [3J\ First, we prove (iii). Since S is linearly normal, from Euler's sequence we get: 

■ • • -> H°(S, Os(H))* ® H 2 (S, S (H)) -> H 2 (S, T P r| s ) -> 

where If is a hyperplane section of S. Since S is a scroll, then h 2 (S, Os(H)) = 0, which implies h 2 (S, Tpr \ s ) = 
0. Thus (iii) follows by the normal bundle sequence 

-> 7 S -> Tpr| S N S |pr -»• 0. (3.2) 

Since S" is a scroll of genus g, we have 

X(0 5 )=l-5, x(T s ) = 6-6 ff . (3.3) 
Since <!? is linearly normal, from Euler's sequence we then get 

x(T P Hs) = (r + l)(r + 1 - i) + S - 1. (3.4) 
Thus, from (iii) and ([331), dSHJl we get 

x(N S |pr) = N S | P «) - ^(S, = 7(.g - 1) + (r + l)(r + 1 - i). (3.5) 

The rest of the proof is concentrated on computing h 1 (S, Ngipr). 

Since S = F(3) is a scroll corresponding to a general point [3] € J£c(d, «), let T be the unisecant of S of 
degree di corresponding to the special quotient line bundle If — » L. 

Claim 3.6. One ftos ^{S, N s \w(- T )) = ^(^^prf-r)) = ; Ziercce 

/ l 1 (5,X sr ) = /i 1 (r,K sr |r). (3.7) 

Proof of Claim \3.6l Look at the exact sequence 

X S |pr(-r) Kg|pr -J- N S |p,.| r -> 0. 

From dH3J> tensored by O s (-r) we see that h 2 (S, N s \ r {-T)) = follows from h 2 (S,7 P r\ s (-T)) = which, 
by Euler's sequence, follows from h 2 (S, O s (H-T)) = h°{S, Q S (K S -H+T)) = 0, since K s -H + T intersects 
the ruling of S negatively. 

As for ^{S, N 5 |ipr(-r)) = 0, this follows from h}(S, 7 V r\ s (-T)) = h 2 {S, 7 S {-T)) = 0. By Euler's sequence, 
the hrst vanishing follows from h 2 {S,O s (-T)) = /i 1 ^, O s (H - T)) = 0. Since K s + T meets the ruling 
negatively, one has h°{S, O s (K s + T)) = h 2 {S, O s (-T)) = 0. Moreover h^S, O s (H - T)) = h}(C, N) = 0. 

In order to prove h 2 (S, Ts(— T)) = 0, consider the exact sequence 

0^T re/ ^T s ^p*(T c )^0 

arising from the structure morphism S = P(9 r ) -A- C. The vanishing we need follows from h 2 (S,7 re i C3> 
Os(-r)) = h 2 (S, Os(-r) ® P*(T C )) = 0. The hrst vanishing holds since T rei = O s (2if - dF), where F is a 
ruling of S, and therefore, Qs(Kg + F) ® T* e; restricts negatively to the ruling. Similar considerations yield 
the second vanishing. □ 

Consider the exact sequence 

-> 3sf r | S -t Xripr 3Nf S | P r-| r -> 0. (3.8) 
Claim 3.9. T/ie map -ff 1 (r, N r i s ) -ff 1 ^, N r | P r) arising from (|3-8[) is surjective, hence h 1 ^, N S |pr|r) = 0. 
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Proof of Claim \3.9[ Equivalently, we show the injectivity of the dual map 

H°(r,u T ® ^r,r| P «) H°(T, oj r <g> N*, s ) = H°(C,u c ® AT ® L*). (3.10) 

Consider T C P h , where h = di — g + i, and the Euler sequence of P /l restricted to T. By taking cohomology 
and dualizing, we get 

-► ff^^Vlr)* -► H°(T,(D r (H)) ® H°(r,cj r (-H)) % H°(T ,u> r ), 

where /xq is the Brill-Noether map of Or(H). Since T = C has general moduli, then fj,Q is injective by 
Gieseker-Petri's theorem (cf. [5]) so ft 1 (r, T P h |r) = 0. From the exact sequence 

— >• T r -> T P h | r -> Nr|r h — > 

we get /i 1 (F, 7sf r | P h) = 0. From the inclusions T C P h C P R we have the sequence 

lr -> 0, 

which shows that H 1 (T 1 r N T \¥ R ) = -ff 1 (r, N P h| P B|r), i.e. 

^(T^r ®^* T \ V n) = H q {T,uj t ®J< vh \ v n\* T ). (3.11) 
On the other hand, from (|2.8I) and the non-speciality of iV, we get 

-> H°(C,L)* -> fl°(C,ff)* -> H°(C,N)* -> 0. 

Since H°(S,Q S (H)) = H"{C : J) and O r (#) = I, the Euler sequences restricted to T give the following 
commutative diagram 



1 ; 

0^ Or -> H Q (C 7 L)*®L -> T P *| r -> 

II I 4- 

0^ Or -> H°(C, J)* ® 1/ -> J P r|r -> 

4. | 

H°{C,N)*®L = K ph | pr | r 

I I 


This gives 

^"(r^r^^iFHlr)-^ !^,^)®^ ^,^®^*). (3.12) 
By (|3.10|) . p. lip and (|3.12[) . we see that a* = /Ut.iv, whose injectivity has been shown in Lemma 12.141 □ 

From Claim EH and ([STf]) . both (i) and (ii) follow. □ 

3.2. Components of the Hilbert scheme of linearly normal, special scrolls. We denote by Hilb(d, g, i) 
the open subset of the Hilbert scheme parametrizing smooth scrolls in P r of genus g, degree d and speciality 
i, with r = d — 2g + 1 + i. 

Theorem 3.13. Numerical assumptions as in Theorem \2.1\ Then Hilb(<i, g, i) has an irreducible component 
Jf which contains all l Kc{d, i) with C a general curve of genus g. The general point [S] € !K is a smooth 
scroll of degree d, genus g and speciality i, which is linearly normal in P r . Moreover: 

(i) !H is generically smooth of dimension dim(J{) = 7g — 7 + (r + + 1 — i); 

(ii) [S] G "K general corresponds to a pair (J, C), where C has general moduli and £F is stable of speciality 
i on C . 

When i = 1 and 3g + 1 < d < 4g — 5, the union of all !Kc(d, i) with C a general curve of genus g is dense in 
"K and the general scroll [S] G J{ has a canonical curve as the unique special section of minimal degree. 

Proof. The construction of J£ is clear. Its generic smoothness and the dimension count follow from Proposition 
13.11 The last part of the statement follows from Corollary 12.161 □ 

Remark 3.14. As we saw in Remark [233 the union of !Kc{d, i) with C a general curve of genus g is never 
dense in IK unless i = 1 and di = 2g — 2. 
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Remark 3.15. In [5] we constructed components of Hilbert schemes parametrizing smooth, linearly normal, 
special scrolls 5 C P r , of degree d, genus g having the base curve with general moduli. Such components were 
constructed for any g > 3, i > 1 and for any d > -4p^ — 2i + 2, < e < 1, e = g (mod 2), unless I = 2 where 
d > 4<7 — 3 (cf. Thm. 6.1]). The general point of any such component corresponds to an unstable vector 
bundle on C (cf. Rem. 6.3]). 

3.3. Non-linearly normal, special scrolls. Let n = d — 2g + 1. Recall that there is a unique component 
3id,g of the Hilbert scheme containing all linearly normal, non-special scrolls of degree d and genus g in P n 
(cf.' Theorem 1.2] and 0J Theorem 1]). 

Consider now the family ^ whose general element is a general projection to P" of the scroll S C P r , 
r = n + i, with [S] £ "K general as in Theorem 13.131 The following proposition shows that the families V, 
never fill up components of the Hilbert scheme of P ra . 

Proposition 3.16. In the above setting, for d, d\, g and i as in Theorem \2.1l Vj is a generically smooth 
subset of ^Kd,g of codimension i 2 whose general point is smooth for ^Kd,g ■ 

Proof. Let [S] £ % be general with S = P(J) and let S' C P" be a general projection of S. Let Gs< C 
PGL(n + 1, C) be the subgroup of projective transformations fixing S'. Since Gs C Aut(5) = Aut(P(5F)), one 
has dim(Gs') = 0, because 2f is stable. 
Then dimC^) is: 

• 3<7 — 3, for the parameters on which C depends, plus 

• Ag — 3 — i{r + 1), for the parameters on which 2r depends, plus 

• dim(G(n, r)) = (n + l)(r — n) = (n + l)i, which are the parameters for the projections, plus 

• (n + l) 2 - 1 = dim(PGL(n + 1, C)), minus 

• dim(G s >) = 0. 

Adding up, we get dim(^i) = dim^Kd.g) — i 2 - 
Consider the Rohn exact sequence 

C* ® O s {H) -> N S | P r N S /|p» -> 

(see, e.g. 0, p. 358, formula (2.2)). From Proposition 13.11 (ii), we have ft 1 (S l , Ws|pr) = 0, therefore also 
/i 1 (S", Ws^pr) = 0. Hence Vj is contained in a component Z of the Hilbert scheme of dimension x(^S'\P r ) = 
7(g — 1) + (r + l) 2 and the general point of y,; is a smooth point of Z. 

The general point of is a smooth scroll on C arising from a stable, rank-two vector bundle. The 
component ^Kd,g is the only component of the Hilbert scheme whose general point corresponds to a stable 
scroll (cf. the proof of H Theorem 2]). Therefore, Z = 3i d , g - The map H°(S, N sl p r +i) -> H°(S', Ji s >\pr) is 
not surjective: its cokernel is C 4 ® _ff 1 (0s(-ff))® 1 , which has dimension i 2 . This means that ^ is a generically 
smooth subset of 3~Cd.g of codimension i 2 . □ 
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